In this note we consider the issue of the classical equivalence of scale-invariant gravity in the Einstein and in the Jordan frames. We first consider the simplest example f (R) = R 2 and show explicitly that the equivalence breaks down when dealing with Ricci-flat solutions. We discuss the link with the fact that flat solutions in quadratic gravity have zero energy. We also consider the case of scaleinvariant tensor-scalar gravity and general f (R) theories. We argue that all scale-invariant gravity models have Ricci flat solutions in the Jordan frame that cannot be mapped into the Einstein frame. In particular, the Minkowski metric exists only in the Jordan frame. In this sense, the two frames are not equivalent.
I. INTRODUCTION
The classical physical equivalence between conformally related theories of gravity has been discussed in several papers in the past, sometimes reaching opposite conclusions, see e.g. [1] [2] [3] [4] . Concerning f (R) gravity, the equivalence in the quantum regime was recently discussed in [5] , where it was established that one-loop divergences in the two frames are the same, at least on-shell. Previously, this equivalence was proven in the case of constant curvature space in [6] .
Past discussions included the precise meaning of "equivalence". Here we use a very simple criterium: Einstein and Jordan frames are equivalent if they both have Minkowski space as a solution. Since the lack of Minkowski space is an issue also for perturbative quantum calculations, the non-equivalence automatically expands to the semiclassical level, if not the full quantum one.
In these notes we point out that, for pure quadratic gravity, namely f (R) = R 2 , which is also scale-invariant, the Ricci flat solutions (including Minkowski) are present in the Jordan frame (JF) but are lost in the Einstein frame (EF). At first sight, this is simply a consequence of the fact that the conformal factor is proportional to the curvature and so it vanishes for Ricci-flat spacetimes. However, there might be more. Scale-invariant gravity is known to have Ricci flat solutions whose (ADM-like) energy vanishes [7] . Thus, we can translate what we discussed above by saying that we cannot map JF solutions with zero energy into EF solutions.
We extend our discussion to the scale-invariant f (R, φ) theory studied in [8] , where φ is a real scalar field and we show that the same kind of non-equivalence occurs. Then, we argue that this is a completely general property of any theory that is quadratic in R, contains an arbitrary number of fields, and is scale-invariant. The fundamental reason is that such a generic theory must contain the term R 2 in the JF. When turned into the EF, this term yields an effective cosmological constant in the action, independently of other scale-invariant operators eventually present in the JF. As a result, the theory in the JF has Ricci flat solutions that cannot exist in the EF.
The plan of the paper is the following. In the next section we recall the fundamental formulae of the simplest model of quadratic gravity in JF end EF. We consider spherically symmetric solutions and in Sec. III and cosmological ones in Sec. IV to explicitly show the lack of classical equivalence. We discuss the generic f (R) gravity in Sec. V and we conclude with the most general case in Sec. VI.
II. PURE QUADRATIC GRAVITY IN THE TWO FRAMES
Pure quadratic gravity has attracted some interest as it is one-loop renormalisable and ghost-free [9, 10] . The most general action in four dimensions usually involves the square of the Ricci scalar or tensor together with the square of the Weyl tensor. To prove our point it is sufficient consider the minimal version of quadratic gravity, namely the JF Lagrangian
where α is a dimensionless parameter. Let us perform the Weyl transformatioñ
where M is an arbitrary mass scale, necessary to keep Ω dimensionless. We find the corresponding Lagrangian in the EF
where
and where the "scalaron" field ψ is given by
In the JF, the equation of motion, in the vacuum, reads
In the EF, instead, we have the standard scalar-tensor equations of motion given bỹ
where, however, M is technically still arbitrary 1 . Despite the apparent simplicity of the equations of motion, quadratic gravity has a rich spectrum of interesting solutions in both JF and EF.
III. STATIC AND SPHERICALLY SYMMETRIC SOLUTIONS
In this section we analyse some simple solutions to the theories (7) and (8) in vacuum. We first consider black hole solutions and then the cosmological ones. In all cases, these models violate the equivalence, in the sense specified in the introduction, between JF and EF.
A. Black holes in the JF
Static and rotating black hole solutions for the theory (7) were studied in [11, 12] . In particular, in [11] it was shown that there exists two inequivalent classes of solutions with spherically symmetric and static metric
where dΣ 2 k is the line element of the two-dimensional horizon space with toroidal (k = 0), spherical (k = 1), or hyperbolic topology (k = −1).
(anti)-de Sitter-like black holes. In this case
where both Λ and r s are arbitrary integration constants. For these black holes R = 36Λ, which includes also the Ricci-flat case Λ = 0. Reissner-Nordström black holes. In this case, the metric reads
where r s and r 2 q are again arbitrary integration constants. For this solution, R = 0 for all parameters. Among the properties of these solutions, the most peculiar one concerns the entropy. For f (R) gravity, Wald has found that the entropy can be expressed as S ∝ A(df (R)/dR), where A is the horizon area. In the quadratic case then S ∝ AR and vanishes identically for the second class of solutions, even though A = 0 and the temperature is well-defined. This seemingly paradoxical result is in line with the fact that these kinds of solutions have zero ADM energy, as proven in [7] . Thus the first law of thermodynamics is trivially satisfied (for more details, see the discussion in ref. [11] ).
B. Black holes in the EF
In the EF, the theory (8) is essentially a tensor-scalar theory with a positive cosmological constant. The scalar field is real, massless, and with a canonical kinetic term. These conditions fulfil the hypothesis of the no-hair theorem proved in [14] , see also [15] . Such a theorem states that the only static and spherically symmetric solution is the Schwarzschild-(anti) de Sitter with a constant scalar field everywhere. This solution has also positive curvature and strictly positive energy.
Then, we have an explicit example of the non-equivalence between the solutions space of the two frames: in the JF we have zero energy and Ricci flat solutions (including Minkowski) while in EF we have only positive curvature and energy solutions. Most importantly, there is no Minkowski solution in the EF. This unavoidably raises questions whether a perturbative quantum theory developed around Minkowski space in the JF has an equivalent version in the EF.
IV. COSMOLOGICAL SOLUTIONS
The non-equivalence of the two frames persists if one consider cosmological solutions. We now show an explicit example.
A. Cosmological evolution in the JF
We adopt the spatially flat metric ds
where a is the usual scale factor. The equation of motion (7) yields
where the prime corresponds to the derivative with respect to the conformal time N = ln a. Note that the equation of motion is of second order in H. If we consider spatially curved metrics, the equation of motion would be of third order in a and instability issues could arise. The solution to (12) is
where A, B are integration constant. When A = 0, the solution can be written as a = √ t, so it behaves like a radiation-dominated Universe with vanishing Ricci scalar. When B = 0 the solution has constant H and constant Ricci scalar. By writing the equation of motion as a non-linear dynamical system, one can show that the solution spontaneously flows from the radiation-dominated case with R = 0 (N → −∞) towards the de Sitter case with R = const (N → +∞). This simple solution could well be a description of a pre-inflationary era and offers a solution to infrared divergences, see e.g. [16] .
It is interesting to note that both the Reissner-Nordström solutions of the previous section and the radiationdominated Universe solution found here in vacuum are equivalent to standard GR implemented with the electromagnetic tensor. How general this property is for scale-invariant gravity is still unclear and deserves further investigations.
B. Cosmological evolution in the EF
In the EF, the relevant equations of motion for a spatially flat metric are the first Friedmann equation (obtained from (8) ) and the Klein-Gordon one, namelyH
whereH = d lnã/dt. The system is invariant under constant shifts of ψ, so we define φ =ψ and we turn the time derivatives into N −derivatives as before. Then, the system reduces to
It is easy then to show thatH
for arbitrary N 0 , while φ satisfies the equation
As N grows (i.e.ã(t) increases) the Hubble parameter becomes constant and φ vanishes (so ψ becomes constant).
The solutions asymptotically approaches a de Sitter spacetime, as in the JF. The Ricci scalar reads
and never vanishes (excepts at critical time that depends on N 0 and Λ so it is arbitrary). Thus no Ricci-flat solutions exist, not even asymptotically as in the JF. These results clearly show the main point of this work: in the JF and in vacuum, there are classical solutions that have vanishing Ricci scalar. These solutions cannot be mapped to the EF because the conformal factor (3) vanishes identically. In addition, in the EF, Ricci flat solution (including Minkowski space) cannot exist due to the cosmological constant term. Note that the cosmological constant Λ = 9M 2 /(4α) is not a perturbative parameter in α. In addition, the parameter M in the EF should be identified with the Planck mass and cannot be taken arbitrarily small.
V. THE f (R) CASE
We now discuss under what circumstances the results found above hold for f (R) gravity. In general, f (R) theories are not scale-invariant so the vacuum Lagrangian reads
where κ 2 = 8πG. Under the conformal transformationg µν = Ω 2 g µν , with
(where the prime now indicates a derivative with respect to R) we obtain the Lagrangian in the EF (see [17] )
where, as before, κψ = 2 3/2 ln Ω. Unlike the quadratic case, the potential is not constant and reads
We see that, in general, a vanishing conformal factor implies a diverging potential thus the theory is meaningless in the EF. The only exceptions are f (R) = R 2 , for which V is constant, and f (R) = R for which V = 0 and the theory is equivalent to GR.
There are several examples of f (R) theories that feature spherically symmetric solutions, and such that f ′ (0) = f (0) = 0, see [18] . Typically, these models do not have a GR limit in the low curvature regime, namely lim R→0 f (R) = R so the potential (22) does not vanish in this limit and Ricci flat solutions in the EF are not allowed.
These examples clearly shows that the non-equivalence between frames goes beyond the set of scale-invariant gravity. However, below we argue that if a theory is scale-invariant then JF and EF are not equivalent.
VI. DISCUSSION
We have seen that in quadratic and scale-invariant gravity the solution space of the Jordan frame cannot be entirely mapped into the solution space of the Einstein frame. This is more than a mere mathematical problem (aka the vanishing of the conformal factor). In fact, this can be linked also to the energy that we associate to the solution. Indeed, according to the theorem of Boulware et al. [7] (see also [19, 20] ), asymptotically flat solutions to the R 2 theory have zero ADM energy 2 . Since the ADM energy is not a conformally invariant quantity, it is to be expected that its value changes upon conformal transformations which, in order to be smooth, should map a zero energy solution of the JF to an equivalent zero energy solution in the EF. But such solutions do not exist, as explicitly shown in the case of spherically symmetric solutions that brings along an unavoidable strictly positive cosmological constant.
The question now is whether this conclusion can be extended to any scale-invariant theory. In other words, can we claim that all scale-invariant gravitational theories in JF are not equivalent to their EF counterparts? For sure, this statement holds for the extension of the f (R) = R 2 model obtained by adding all scale-invariant operators involving curvature and a scalar field, studied in [8] . The action reads
In the EF, the action becomes
The conformal factor is given by
We note that the cosmological constant is still present in the EF action. In fact, the latter appears essentially from the conformal transformation of the term R 2 alone and it persists when we add other scale-invariant operators 3 .
Again, we have an action that does not allow Ricci flat solutions in the EF, while in the JF these are present (it is sufficient to set φ = 0 in (23)). Also in this case, Ricci flat solutions in the JF implies the vanishing of the conformal factor (26). In fact, to be flat the solutions needs not only R = 0 but also φ = 0, otherwise we would end up with an effective cosmological constant in (23). In summary, we conclude that all gravitational theories that are scale-invariant and contains the R 2 term have the same problem, namely that they have Ricci flat solutions that cannot be mapped to the EF because the conformal factor vanishes. Most likely, this is linked to the fact that flat and scale-invariant solutions have zero energy and these cannot be mapped into positive energy field configurations. In particular, while the JF admits Minkowski space as a solution, the EF does not. Thus, the expansion of quantum operators around flat space is perfectly defined in the JF but not in the EF. At these levels, the two frames are certainly not equivalent.
